The memristor (short for memory resistor) is a yet quite unknown circuit element, though equally fundamental as resistors, capacitors, and coils. It was predicted from theory arguments nearly 40 years ago, but not realized as a physical component until recently. The memristor shows many interesting features when describing electrical phenomena, especially at small (molecular or cellular) scales and can in particular be useful for bioimpedance and bioelectricity modeling. It can also give us a richer and much improved conceptual understanding of many such phenomena. Up until today the tools available for circuit modeling have been restricted to the three circuit elements (RLC) as well as the widely used constant phase element (CPE). However, as one element has been missing in our modeling toolbox, many bioelectrical phenomena may have been described incompletely as they are indeed memristive. Such memristive behavior is not possible to capture within a traditional RLC framework. In this paper we will introduce the memristor and look at bioelectrical memristive phenomena. The goal is to explain the new memristor's properties in a simple manner as well as to highlight its importance and relevance. We conclude that memristors must be included as a readily used building block for bioimpedance and bioelectrical data analysis and modeling.
Introduction
In every introductory course in electromagnetism or circuit theory one learns that there are three fundamental circuit elements, namely the capacitor (first realized in 1745), the resistor (1828) and the coil (1831). When Maxwell announced his famous and extremely powerful equations some decades later, it became clear these three elements were direct consequences of this theory that unifies electricity and magnetism. However, in 1971 a young circuit theorist, Leon Chua argued from theoretical grounds that there should be also a fourth circuit element that was equally fundamental as the other three [1] . He gave this element the name memristor since it, under certain conditions, acts as a resistor with memory, i.e. the resistance is dependent on the physical history. In the years following Chua's work, the memristor concept was left quite alone until the birth of nanotechnology some years ago when a group at the Hewlett-Packard (HP) lab managed to construct a physical component acting as a memristor [2, 3] . An image of this memristor is given in Figure 1 . "So what?" you might think. An additional circuit element may not sound that spectacular, but imagine that you have been living for nearly 40 years with socks, shoes, and sweaters, but no trouser and then suddenly get a pair. In the beginning it may be hard to see the potential of a newly introduced fourth element and difficult to use properly, often mixing it up with the other three; however, if it turns out to be more suitable to certain tasks, who knows how useful it might be in the end?
In this paper we will argue that the memristor is a necessary and useful building block in circuit theory and therefore also necessary and useful in modeling bioelectrical phenomena. We will first explain and show examples of areas where the memristor already has been used. Furthermore, we will look into other electrical phenomena that are likely better described by the "new" memristor element than the traditional RLCs (or the constant phase element (CPE) for that matter). The important lesson to be pulled out of this paper is that, from now on any current responding to an applied (harmonic) voltage should be studied and interpreted with the memristor element (or other memory circuit elements) ready in the modeling toolbox. The different topics in this review-like paper are covered in such a way that it should be possible to jump to those sections of most interest when the basic memristor theory is well understood.
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Historical background of the memristor
In this section we will consider briefly how fundamental the memristor actually is and how easy it can be justified from a simple symmetry diagram. The fact that memristors were hidden within Maxwell's equations for more than a century of extensive use is actually a bit of a mystery, but one suggestion is that Maxwell's equations originally were not formulated in the form we know today [3] . Another is that memristive systems, as we will see, are usually very small in size and therefore were not able to be identified until the recent birth of nanoelectronics and the corresponding study of charge transport in solid-state and biological systems.
In the late 1960's Leon Chua studied the mathematical fundamentals of circuit theory. One subject he had a certain interest in was the possible relationship between pairs of circuit variables. From a theoretical point of view the three basic circuit elements -resistor, capacitor, and coil -are defined by a relationship between two of the four axiomatic circuit variables: the voltage, v; the current, i; the charge, q; and the flux φ. These four variables lead to six possible combinations (see Appendix for more details). Chua noted that only five of these combinations had led to established relationships [4] . Two of the five realizations are the definition of current i=dq/dt and Faradays law of induction (1) The other three are the definitions of the well-known basic circuit elements which are the capacitor (C=dq/dv), the resistor (R=dv/di), and the coil (L=dφ/di). This means that one relationship remained undefined, namely the correlation between electric charge, q, and magnetic flux, φ, which we can be seen from the symmetry diagram in Figure  2 .
Chua postulated an additional circuit element defined by the relation between charge and flux should exist, from both a logical point of view and for the sake of completeness [1] . Chua called this circuit element a memristor (short for memory resistor) based on the properties he found the element to have. Put simply, it was an element that changed its resistance depending on how much charge flowed through it. Since Chua was not able to realize the memristor himself at that time, it remained a puzzle for almost four decades. Nonetheless, Chua showed that the memristor cannot be replaced by any combination of the other three passive circuit elements, no matter how nonlinear these elements are. Still, as we will see later in this paper, the memristor will degenerate to an ordinary resistor under certain conditions. Figure 3 shows the electronic symbol representation of a memristor element. From the symmetry diagram in Figure 2 , we see how the memristor finds its natural place in the circuit theory along with the five other combinations of pairs of circuit variables. With this simple diagram in front of us, one might wonder why it took so long until the memristor was identified. 
Definition of the memristor
The relationship between flux and charge defines memristance as (2) This concept was generalized to memristive systems by Chua in 1976 [5] and can be written as (3) which looks like a nonlinear version of Ohm's law. One important aspect to keep in mind about the memristor is its dependence on the "state" variable x. The state variable describes how the system "looks" inside. It is time dependent, a fact that makes the memristor a non-linear element distinct from the (linear) resistor. This timedependence of the state variable provides the "memory" of the system. In biological systems, the state variable is often proportional to the electrical charge (although not always). Thus the resistance will vary with the amount of charge passed through the element and in general not be a constant.
An illustrative example: The first memristor
Almost 40 years after Chua had postulated the memristor to exist, it was described for the first time as a physical system by a group of researchers at the HP lab in California, USA [2] . The nano-sized memristor they developed consisted of a thin titanium dioxide, TiO 2 , layer that was sandwiched between two platinum electrodes and is shown in Figure 1 . As this particular memristor model is as simple as it is illustrative, we will investigate it in what follows and use it to highlight what is typical for memristors. This memristor model is also very similar to the memristance that can be found in electrical measurements of the skin as will be seen later in this paper.
An illustration of the HP memristor is shown in Figure  4 . This way of illustrating memristors, as a component separated in two parts, is very useful to understanding the basic principles. The memristor consists of one part that conducts current well (the doped part), and one part that is a much poorer electrical conductor (the undoped part). The total resistance -or strictly speaking, the memristance -of this two-component system is the sum of the doped and the undoped part. What makes this system a memristor and not a resistor is the presence of a dynamic state variable defining the boundary between the two parts with high and low conductance. The state variable (w in this particular case) describes how the memristance of the element evolves with time. For this particular HP memristor the state variable w is proportional to the electric charge q.
When current is passing through this HP memristor, the boundary between the high and low conductive states is shifted either to the right or to the left with time. It can be thought that the charge carriers push this boundary back and forth. This means the total memristance of the system is either reduced or increased depending on in which direction the charge carriers flow. This is exactly what is needed for a memristor. The memristance of this system can be written as: (4) Here, R 1 and R 2 are the low and high resistive part of the memristor. This expression can furthermore be written on a form that is illustrative for memristors [2] ( 5) where R OFF and R ON are the highest and lowest possible resistance of the memristor, respectively, k is a constant, D is the length of the memristor in the direction of the charge flow, and q(t) is the electric charge passing through the memristor as a function of time. We note the following four things:
1. The dependence of the electric charge shows that this system is not resistive, but instead memristive.
2. The memristive contribution to the electrical behavior of the system blows up when the device itself becomes very small. 3. The expression of the memristance does not explicitly involve magnetic flux, although the memristor is defined as a relation between flux and electric charge. 4. The physical unit of memristance is expressed in ohms.
Fig. 4:
Cross-section of the first HP TiO 2 -memristor consisting of a high conductive (doped) and a low conductive (undoped) part placed in between two platinum electrodes. The boundary between the two parts is dynamic and is moved back and forth by the passing charge carriers. The parameter w(t) is a mathematic variable that describes the position of this boundary [4] . Courtesy of C. Lütken.
The apparent absence of flux can be explained by using Faraday's law of induction rewriting the definition of the memristor as (6) This just looks like ordinary resistance (but the charge dependence ensures that it is really not), and hence it works as an illustration that memristance in some cases degenerates to ordinary resistance. This happens, for example, if M(q) is constant with time. Thus, it seems clear that there is no need to introduce memristors in linear circuit theory. Memristors are nonlinear. When describing the first memristor, the HP researchers made use of this fact of nonlinearity. Instead of searching among magnetic systems they started investigating small electrical devices (when D is small) where there was a nonlinear relation between the integral of the current and the integral of the charge so that the M(q) becomes nonlinear [2, 7] . It has been speculated that the reason such a long time passed from when the memristor first was postulated (1971) until it was described as a real physical device (2008) was because people were searching among systems involving magnetic flux, which made the chase much more difficult [7] .
So what does this mean? Memristors are obviously nonlinear systems of small size. This is something that is found in many biological systems, prompting the need for further study. Especially those systems that exhibit a dynamic behavior of the resistance with time may be promising candidates for being memristive rather than any other.
A useful water analogy
Because the memristor element might still be relatively unknown in our field, in this section we will describe its basic properties via a simple analogy with a water pipe. Many phenomena in electrical circuit theory can be explained by using an analogy where water flows in pipe systems. The same is true for memristors. The example we expound here is similar to what was done in the early work of Lütken et al. [4, 8] . The principle outlined below is also very well suited to illustrate the main content of Strukhov et al. [2] , who described the first memristor, and Johnsen et al. [9] , wherein the electrical properties of skin were shown to be memristive due to electro-osmotic transport of fluid in the sweat capillaries.
In the water pipe analogy, ordinary resistors can usually be thought of as the pipe with water flowing through it. The wider the pipe the lower the resistance felt by the water. The memristor, which has some similarities to the resistor, must therefore be some kind of a modified water pipe in this context. If we jump back to equation 3, we see that the memristor consists of two parts, one with high resistance, the other with low resistance, and so a twocomponent pipe as shown in Figure 5 is appropriate.
The thin and thick tubes in the model are the two main parts in the memristor, offering high and low resistance to the water, respectively. The two fat tubes on either end of this system are the platinum electrodes in the HP memristor and offer no resistance to the flow of water. For this system to be a memristor, there must be a dynamical change of the memristance with time. This is where the piston in Figure 5 comes in. The piston is located at the boundary between the high resistance part (thin tube) and the low resistance part (larger tube), and plays the same role as the w parameter in the HP model in Figure 4 . Depending on which direction the water flows in the memristor, the piston is pushed either to the right or to the left, changing the total memristance of the system from high to low or vice versa.
Basic memristor properties
Listed below are some of the most characteristic and important features for memristors:
• An ac element, not dc Some of the bullet points in this list are typical fingerprints of memristors and should be searched for when analyzing data from electrical measurements. Others are more generic properties for memristors that distinguishes them from other building blocks in circuit theory. We shall in the following see how these properties can be explained relatively simply with support from the water analogy.
We have seen how the memristance of the memristor changes with time when an alternating current is passing through the device, indicating that it is an ac device. In general memristance is not visible for dc signals. Still, the memristor will conduct dc current, but now behave as a time-varying resistor and not as a proper memristor. If we go back to our water analogy of the memristor, shown in figure 5 , a dc (water) current will push the piston only in one direction all the time, making the piston reach one of the "ends" of the system and consequently the memristance then saturates. This means the apparent resistance (the memristance) of the pipe system does not alternate dynamically with time, which is required for the device to behave as a memristor. Instead, the memristance is timevarying during the (short) initial period as the piston is being moved and thereafter the memristor degenerates to an ordinary resistor as the piston reaches either side of the water pipe system. Here, the thick tube, A represents the high conductive part of the memristor, whereas the thin tube, a represents the high resistive part. Depending on the direction of the water flow, the piston is pushed either to the left or to the right. Hence, the net resistance of the memristor is altered when water is flowing through it. This model has also earlier been presented in [4] . Courtesy of C. Lütken. Once the voltage over the memristor is switched off, the dynamic motion of the boundary between the two parts stop and the resistance value of the memristor is preserved -or, put colloquially, "remembered." This memory of the device is kept until another voltage is applied to the system, inducing charge transport. How long this memory may be preserved, depends on how the system looks at its "bottom level." For solid-state systems such as the HP memristor, memory may last a very long time [2, 10] . For biological systems it may degenerate more rapidly when the driving voltage is turned off as the state of the system is influenced by a number of other factors such as diffusion [9] . Even if the resistance state of the memristor is preserved, the memristor does not involve any storage of electric or magnetic energy.
A memristor, which is a two-terminal circuit element, will provide hysteresis loops in an i-v plot when subject to an alternating voltage signal. An example of an ideal model of a memristor is shown in Figure 6 . The hysteresis loops are very valuable when memristive systems are to be identified, and the loops normally run through the origin in an i-v plot. This behavior can be seen to arise from that described in equation (3) . When v = 0, then i = 0 and vice versa. This fact further underlines that the memristor is not an energy storage device. The hysteresis loops are formed since the current through the memristor does not vary linearly with the applied voltage, unlike a resistor that follows Ohm's law. We can justify this to ourselves by remembering that the boundary, w, between the high conductive state and the low conductive state of the device is moved by the charge carriers as current is passed the memristor (see Figure 4) . If the charge carriers push the boundary to one side the instantaneous resistance of the two-component device is reducing with time. This means that current is increasing at an increasing rate compared to the voltage. This is not linear and the i-v curve curves upward, as seen in the upper right corner in Figure 6 . Even after the voltage starts to decrease, the current increases for a short while since the charge carriers still push the boundary towards a low conductive state (i.e. to the right in figure 4 ). This feedback, which can be either positive or negative depending on the direction of motion the charge carriers, is typical for memristors and differs from what we are familiar with through Ohm's law, where i=v/r.
From the inset figure of Figure 6 we see how a memristor gives a nonlinear curve when the flux, φ is plotted versus the charge, q. This nonlinear behavior is required for a system to be memristive. Hence, any hysteresis detection of current versus voltage should be tested to see if charge varies nonlinearly with the flux, an indication of the system might being memristive.
Memristors and memristive systems will typically be frequency dependent, meaning that the measured memristance of the system will depend on the frequency, ω, of the applied signal. We can grasp this better by jumping back to the water pipe analogy in Figure 5 . When the applied frequency increases, there will be less time for the piston to move to the right or left, since now the flow of water changes direction faster and faster. Eventually, when the frequency is sufficiently high, the piston will be left practically at rest with only minimal vibrations back and forth. Consequently, there is no longer a dynamic change of the total resistance of the water pipe. Hence, the hysteresis loops are collapsing to a straight line and the degree of collapse increases with frequency. Consequently, the memristor acts as an ordinary resistor. The frequency value responsible for such a collapse of the hysteresis curves depends on the internal states of each system and will therefore generally not be the same for different types of memristors.
From equation (5) we see how the memristive term blows up as the typical size, D, of the system is reduced. For example, if the size changes from μm to nm scale, the memristive contribution is increased by a factor of 10 6 . One may therefore expect memristive effects to become more significant as studies on smaller and smaller electrical systems are carried out. Fundamental electrical mechanisms behind many bioelectrical phenomena may therefore involve significant memristive effects. Chua mentioned biophysics as a field where "mistaken nonlinear identities" are present in the literature and emphasized the need to sort out some of the misunderstandings by including memristive systems in circuit models [1, 11] . Certainly, understanding small scale, nonlinear electrical phenomena will become more and more important as time goes by.
Should the reader need it, a further detailed description about the memristor's properties in an electric circuit can be found in Yoglekar et al. [12] .
Memristors and bioimpedance
Within the field of bioimpedance and bioelectricity the memristor may be a valuable tool for circuit modeling and fundamental physical insight. There are a many observed hysteretic, anomalous or nonlinear i-v characteristics in nature [13] [14] [15] that may potentially fit better in a memristive framework than in any other. Typically, as we have seen, memristive fingerprints are visible at systems where the scales of the characteristic electrical processes are small (for instance biological systems at cell levels). The scales where memristive effects have been reported so far [2, 3, 9] are in the same range where the electrical properties of biological systems such as cells and tissue constituents start to emerge from the underlying (molecular) physics. We should keep in mind that some of the underlying physics might be described more correctly in terms of the memristor rather than the traditional RLC or CPE.
Since the memristor has been not yet received the attention of the other fundamental components of circuitsthe resistor, the capacitor and the coil -there exists a significant possibility that systems which indeed are memristive may have been described incompletely, potentially as systems showing anomalous i-v characteristics. This has been discussed at length by Chua [11, 17] . In the following sections, we will go through some bioelectrical phenomena that are good candidates for being memristive. Within the field of bioimpedance and bioelectricity, circuit modeling plays a very important role and helps us to understand tissue properties [18, 19] . A new circuit element, which also captures nonlinear phenomena (e.g. the hysteresis loops) is very welcome in such a field. Now we are relatively certain that we have the full set of fundamental circuit elements at our disposal when we want to describe phenomena observed by our measurements.
Skin conductance and ionic channels
Skin conductance measurements performed at low frequencies have revealed that the missing memristor has been at our nose tip the whole time. Our skin behaves as a memristor due to the dominance of the sweat ducts on the skin conductance at sufficiently low frequencies [9, 20] . An illustration of such a sweat duct, partly filled with liquid, is shown in Figure 7 . When a low-frequency signal is applied to the skin and its many sweat ducts, the degree of liquid filling will depend on the amount of charge that passes through the ducts. When a negative voltage signal is applied the liquid level rises through the electro-osmosis process [20] . As the duct becomes more filled with sweat liquid, the conductance increases since sweat conducts current very well [21] [22] [23] . If the polarity of the signal is positive, the liquid level is driven downwards in the duct, resulting in a decrease of the overall skin conductance. So when measuring skin conductance at low frequencies, we observe that it changes dynamically with time when current is passing through the skin. The actual dependence is based on how much charge has passed through the duct since each charge carrier pushes the liquid along with its motion by electro-osmotic forces. It turns out each of us are all wrapped up in a biological memristor.
The equivalent electrical model of the human skin may therefore involve the memristor as suggested in Figure  8 when doing impedance measurements. The new thing in this manner is that the traditional resistor for sweat conductance is substituted with the memristor, as highlighted in red in Figure 8 . Furthermore, this skin model can be simplified based on our detailed knowledge of the constituents in the circuit. For example, the electrical properties of the sweat ducts are dominated by the liquid, which is memristive in small capillaries and not influenced by capacitive effects [24] . This is why the parallel branch involving the CPE is drawn with dotted lines in Figure 8 . Note that when the applied frequencies are sufficiently high, the memristor turns into a resistor as we have seen earlier, and the skin model returns to its traditional form [18] . Note that the memristor is capable of conducting dc currents, and so the model in Figure 8 covers also that mechanism. More generally, many kinds of biological capillaries and duct systems will be able to behave memristively if they are partially filled with some kind of conductive liquid. Such channels are very frequent in biological systems making them promising and interesting candidates for being memristive in nature. This was in fact suggested already by Chua in one of his early papers [6] .
Memristive cell action potential
The fundamental cell electrical unit is the action potential whose origin is located across the cell membrane. When potassium and sodium ions are transported across the membrane, a potential is released, making it possible for cells to be electrically active. First described by Hodgkin and Huxley in the 1950s, this potential is in many ways the fundamental building block of bioelectricity [25] . Here, "inside" and "outside" denote the interior and exterior of the cell with the membrane separating these two parts. Furthermore, C is the membrane capacitance, R Na and R K describe the sodium and potassium time-varying conductivities, respectively, R l describes the leakage resistance, E Na , E K , and E l are the reverse ion channel potentials.
The equivalent circuit of the Hodgkin-Huxley model is shown in Figure 9 . The model describes charge transport across a nerve cell membrane by introducing specific channels for potassium and sodium ions, a leakage channel, a capacitor describing the properties of the membrane itself. For more rigorous introductions to the Hodgkin-Huxley theory we recommend consulting Johnston & Wu (1994) and Dayan & Abbott (2001) [26, 27] .
The model of Hodgkin and Huxley today stands as one of the greatest achievements in neuroscience and bioelectricity, and eventually the two men responsible received the Nobel Prize in Medicine for their work. At the time when Hodgkin and Huxley made their model, they naturally did not know about the memristor, but they showed that the action potentials in neurons will have a history-dependent conductance of the membrane channels. Motivated by this fact Chua showed, some 20 years later, that the Hodgkin-Huxley model is essentially memristive [6] . The nerve cell membrane, as suggested by Hodgkin and Huxley, was modeled by means of three separate channels where ions could pass. Apart from a leaking channel, it consisted of channels for sodium and potassium transport through the membrane. The conductance of these two channels depends on time and voltage. This fact is crucial to making their behavior memristive rather than strictly resistive. An equivalent electrical model of the nerve cell membrane, as revised by Chua to contain the memristor is shown in Figure 10 [6, 17] . This model is conceptually distinct from the traditional Hodgkin-Huxley nerve membrane model because it now contains the proper circuit element to capture the history dependence in the membrane channel conductivities. As the Hodgkin-Huxley model is also the starting point for simulations of nerve cell activity, there is now a hope that the "new" memristive model will significantly push neuroscience forward, though this effect remains to be seen. The memristive model of the cell action potential was presented in a non-biological journal and remained unknown until recently as memristors have begun to garner more and more attention. A fine introduction to the how neural electrical activity is modeled is given by Einevoll [28] and is suggested for further reading.
Neural networks and memory
From the new memristive descriptions of the electrical unit in the cells, more memristive models of bioelectricity and neuroscience have emerged. For instance, a model of a memristive electronic circuit aiming to capture the processes of learning and associative memory of neural networks has been proposed by Pershin and Di Ventra [29] . Also it is believed that memristors could mimic synaptic behavior and mechanisms of memory [17, 30] and cellular memory in the human brain [31] .
Identifying memristance in your data
Now that we have looked through some of the most relevant topics for present and future memristive behavior the next step is to actually start to search for more. Therefore, let us quickly refresh how to detect memristive effects present in experimental data:
• Look for pinched hysteresis loops in i-v plots.
• Alternatively, check if current versus time curves, following a harmonic applied potential, are "leaning" either to the right or to the left. This may indicate there is a nonlinear resistive behavior of the system.
• Look for nonlinear q-φ curves (i.e. integrate up current and voltage and plot them against one another).
The first two bullet points should always be tested against the final one as this is the actual definition of memristors.
Memory circuit elements in general -memory capacitors and inductors
In this section we will briefly mention the more general concept of memory circuit elements, not strictly the memristor. A thorough detailing of memory circuit elements is a too sizeable a task to fully go into here. Instead, we will only mention them briefly and provide some literature for further reading [10, 33] .
In 2009 Di Ventra et al. extended the concept of memory circuit elements by introducing memcapacitors and meminductors [32] . Just like the memristor acts as a resistor with memory, memcapacitors and meminductors act like capacitors and coils (inductors) with some memory dependent on their physical history. These two additional memory devices share many of the properties with the memristive systems, but with an important difference; they are capable of storing energy just like ordinary capacitors and coils. It is believed that these elements will be very useful as scientific investigations proceed towards smaller and smaller electrical circuits. In particular the memcapacitor is believed to be useful within bioelectricity and neuroscience [10] , potentially mimicking the widely used CPE [9] .
Memristors and the future
It is not so easy at this rather early stage to say much more about the practical relevance of the new circuit elements to bioelectricity and bioimpedance. From a theoretical point of view, however, the importance of the memristor is indisputable as its fills a gap in the theory. Because there are many memristive "fingerprints" within bioelectricity that have not yet been properly investigated at present, it is quite likely the memristor will turn out to be useful. We know that the literature reports anomalous phenomena [11] , which have heretofore been modeled and explained with an insufficient and incomplete theory. This fact alone is enough to initiate a revision of many old results, bearing the memristive toolkit in mind. That memristive effects are typically present at small scales in ionic membrane systems makes nano-biology very interesting in this context.
Conclusion
In this tutorial article, we have shown that memory circuit elements, and the memristor in particular, have a natural place in circuit theory. And even if it only came to fruition in 2008, memristive experimental observations actually date far back in time [34] , they were just not properly identified. Consequently, the memristor is from now on as natural as any other circuit elements when electrical phenomena are to be explained and understood. In many cases the memristor concept also has the potential to give us a richer and more conceptually correct understanding of nature as it opens a neglected field in bioelectricity and bioimpedance. Though the memristor is fundamental, it still rather unknown, meaning that it is very likely that it has been very underutilized up until today. Therefore, many systems that earlier were thought to be anomalous, may actually be memristive, or memcapacitive or meminductive for that matter. Still, there remains much work to be done to implement these memory elements properly in our field.
